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Abstract 

In this paper we propose a new notion of pathwise viscosity solution for a fairly 
large class of fully nonlinear (forward) Stochastic PDEs whose diffusion term is allowed 
to depend on both the solution and its gradient. With the help of the newly developed 
pathwise analysis in the sense of Dupire [10], we shall identify a forward SPDE as a 
Path-dependent PDE. We then propose a notion of (pathwise) viscosity solution to the 
PPDE in terms of the pathwise stochastic Taylor expansion, developed in our previous 
work [^ within Dupire’s pathwise analysis paradigm. Under some general assumptions 
on the coefficients, we prove the wellposedness of the viscosity solution: consistency, 
stability, existence, comparison principle and uniqueness. 
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1 Introduction 


In this paper we are interested in the following general fully nonlinear SPDE: 

u{t,x,ui) = uo{x) + / f{s,x,uj,u,dxU,d‘^^u)ds+ / g{s,x,u},u,dxu) o dBg, (1-1) 

Jo Jo 

where {t, x) £ [0, oo) x , i? is a d-dimensional Brownian motion dehned on a given 
probability space P), and / and g are F^-progressively measurable random fields 

with appropriate dimensions. The main purpose of this paper is to recast the SPDE as 
a (forward) Path-dependent PDE (PPDE), with the help of the newly developed “path- 
derivatives” of Dupire |10j . and connect the notion of the stochastic viscosity solution of 
the SPDE with the (pathwise) viscosity solution of the PPDE so as to obtain a sensible 
definition of the set of test functions which guarantee the well-posedness result. 

The notion of stochastic viscosity solution for stochastic PDEs of parabolic type has 
been around since the seminal papers of Lions and Souganidis [221 [23] at the end of last 
century. During the past decade, there have been serious efforts to find the proper definition 
of viscosity solutions for a general (forward) SPDE of the form (jl.ip . (see, e.g., Lions and 
Souganidis [Ml ESI ESj) Buckdahn and Ma [H El [3], Caruana, Eriz and Oberhauser |5], 
Buckdahn, Bulla and Ma |1|, Diehl and Eriz [9], and Eriz and Oberhauser |15].l The main 
difficulty can be roughly described as the conflict between the “local nature” of the viscosity 
theory and the “global nature” of the stochastic analysis. In particular, the understanding 
of the pathwise behavior, or the lack of it, on the SPDE and its solution has often been the 
main obstacle for establishing a general theory. 

There are typically two approaches to attack the problem, as was proposed in [22]. The 
first one is to use the stochastic characteristics (cf. Kunita |20] 1 to remove the stochastic 
integrals, and then dehne the stochastic viscosity solution via the corresponding determin¬ 
istic PDEs with “parameter” oj. The works [HEiiaiii follow this line. The main challenges 
in this approach are: (i) the stochastic characteristics exist only locally for general SPDEs; 
(ii) the deterministic PDE (derived along the characteristics) could become extremely com¬ 
plex and its uniqueness is hardly tractable. The second approach is to approximate the 
Brownian motion paths by smooth paths and the solution is defined as the limit, if exist, 
of the solutions to the approximating equations. The works |8l[9l[T5] follow this line, in the 
framework of rough path theory. In this approach, the solutions are defined pathwisely in w, 
but globally in {t,x). Moreover, it is noted that in this case the uniqueness is actually free, 
but the existence (namely the existence of the limit) is very challenging and thus requires 
some special structures of the coefficients. 
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The first goal of this paper is to propose a new definition of viscosity solution for the 
general SPDE (11.11) . by introducing test functions directly for the original SPDE, without 
removing the stochastic integrals. Our main tool is the functional Ito calculus of Dupire 
m (see also Cont and Eournie 0 ) and thus the definition is in a pathwise manner. Such a 
language has received strong attention in recent years and has proven to be very convenient 
for viscosity theory of backward Path-dependent PDEs (see Ekren, Keller, Touzi and Zhang 
m, and Ekren, Touzi and Zhang [121113] l. 

Specifically, we shall first recast the SPDE (jl.ip into the following system of PPDEs: 


dtu{t,x,u;) = f{t,x,uj,u,dxU,d'^^u), d^u{t,x,uj) = g{t,x,uj,u,dxu) 
u(0, X, uj) = uo(t, w). 


( 1 . 2 ) 


where dt and are the path-derivatives in the spirit of Dupire (see §2 for detailed defini¬ 
tions). Then, with the help of the new pathwise stochastic Taylor expansion presented in 
our recent paper [S], we introduce a definition of (pathwise) viscosity solution for PPDE 
(jl.2l) . whence SPDE (11.11) . via test functions. More precisely, for fixed w, we characterize 
the smoothness of a deterministic function (in variables {t,x)) in terms of the (pathwise) 
Taylor expansions, and then define the test functions as those smooth functions that satisfy 
the desired viscosity properties. We shall justify our definition by proving the following 
consistency: a smooth function is a viscosity solution if and only if it is a classical solution. 

We remark that, by definition our viscosity property is cu-wise and local in {t,x). How¬ 
ever, our definition of viscosity solution (via test functions) is slightly weaker than the 
alternative definition via semi-jets, which are equivalent in standard PDE viscosity theory. 
This is due to our extra requirement that the temporal derivative dfip of the test functions 
ip is continuous in (t, x) for each fixed w, which seems to be crucial for the stability of 
our viscosity solutions. Moreover, while our definition does not involve stochastic charac¬ 
teristics directly, the constraint dcou{t,x,uj) = g{t,x,uj,u,dxu) has the flavor of stochastic 
characteristic. Their precise connection needs to be understood further. 

Our second goal of this paper is to establish the wellposedness of the viscosity solutions, 
including stability, existence, comparison principle and uniqueness. As in which 

deal with backward PPDEs, the building block is the following partial comparison principle: 


Let tt be a viscosity subsolution and v a classical supersolution of PPDE (13.ip . 
If M < u on the boundary, then u <v m. the whole domain. 


(1.3) 


We note that the proof of (II.3p is much easier than the complete comparison principle 
because in this case one may use the smooth function v to construct a test function for the 
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viscosity subsolution u and to derive the desired contradiction. Furthermore, combining 
(11.31) and the stability result, with certain approximation arguments we can derive both 
existence and comparison principle, whence the uniqueness, for viscosity solutions. 

We should remark that in this paper we are aiming at the most general form of second 
order parabolic SPDEs, and some abstract conditions will be imposed to ensure the validity 
of our arguments. In particular, the consistency and the partial comparison principle hold 
true for the fairly general form of <7 = g{t,x,u},dxu), under some mild and natural conditions, 
but other results may require some stronger assumptions. For example, we shall assume 
the existence of local classical solutions of certain mollified SPDEs, which in general is a 
very challenging problem to verify. We shall nevertheless further explore these assumptions 
in our subsequent paper [ 6 ]. Particularly, in the semilinear case where 

f / = Mt, X, w, u, dxu) + a{t, X, uj)dlx.u] 

\ g = gQ{t,x,uj,u) + a{t,x,uj)dxU, 

we shall verify all the conditions imposed in present paper and thus establish the wellposed- 
ness completely. 

Einally, we would like to mention that when we were finalizing technical details for the 
wellposedness results of this paper, we learned the highly relevant recent work Gubinelli, 
Tindel and Torrecilla [E]. It is noted that the main purpose of |16] is to propose a notion 
of viscosity solution in the framework of rough path theory, but the wellposedness issue 
was not investigated in a general setting. However, we also note that despite the different 
languages and many technical differences, the definition of |16j and the one in this paper 
is quite close, if not equivalent. It is thus an interesting task to explore the possibility of 
unifying the two languages into one, as partially done recently in Keller and Zhang [18] . 
We hope to address this issue in our future publications. 

The rest of the paper is organized as follows. In section 2 we give all the notations, and 
recall the main results in our previous work [5] . In section 3 we introduce the definition of the 
classical and pathwise viscosity solutions for the SPDE (|l.ll) and the corresponding (forward) 
path-dependent PDEs (PPDEs). In section 4 we present the Partial Comparison Principles 
for PPDEs, and in section 5 we prove the well-posedness of the PPDEs (whence the SPDE) 
in the sense of viscosity solutions. Einally in Section 6 we provide some concluding remarks. 

2 Preliminaries 

Throughout this paper, we consider the following canonical probability space. Let D := {cj G 
(^([O, 00 ), M'^) : cjQ = 0 } be the set of continuous paths starting from the origin, endowed 
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with the standard metric, B the canonical process on O, = ^{n) be the topological Borel 
field, Pq the Wiener measure, and F = {J't}t>o the Po-augmented filtration generated by 
B. The following sets will be used frequently in the paper: 

Q := (0,oo) X Q := [0,cx)) X M'^', A := Q x 0. (2.1) 

Here and in the sequel, we use 0 to denote vectors or matrices with appropriate dimensions 
whose components are all equal to 0 , and for any dimension m, we take the convention that 
M™’ := denotes the set of column vectors. Define 

m 

X ■ x' := ^ Xix[ for any x, x' G M™, 7 : 7 ':= tr [ 7 ( 70 ^] for any 7 , 7 ' G 
i=\ 

and |xp '.= X ■ x, I 7 P := 7 : 7 . Here ^ denotes the transpose. Moreover, let S'” denote the 
set of m X m-symmetric matrices. 

Let denote the set of F-progressively measurable processes u : A —> 

and C°(A, the subset of u G L°(A, such that the mapping {t,x) i-> u{t,x,u}) 

is continuous for Po-a.e. ui. Denote L°(A) := L*^(A, M) and C*’(A) := C°(A,M). Given 

u G C°(A), we define its derivative in x in the standard way. Moreover, strongly motivated 
by the functional Ito formula initiated by Dupire m , in 0 we introduced the notion of 
path-derivatives as follows. Let u G C*^(A) be a semimartingale (for any fixed x) taking the 
following form: 

u{t,x,-) = uq{x) + At{x) + [ /3s{x) ■ dBs, t>0, (2.2) 

Jo 

such that Vq{A{x)) + fg \(3s{x)\‘^ds < 00 , for all {t, x) G [0, 00 ) x Po-a.s., where Vq{A{x)) 
is the total variation of process A{x) on [0,t], and /3 G L°(A,M'^). 

Definition 2.1. Let u G C°(A) be given by We define: for fixed x G 

duju{t,x,-) := /3t{x), Po-a.s. (2.3) 

Furthermore, if /3{x) is also a semimartingale and Afix) = f^as(x)ds for some a G L*^(A), 
then: 

d‘l^u{t,x) := dujfitix) = duji[di_ju{t,x)]'^)] and 

< ^ (2.4) 

dtu{t,x) := at{x) - -ii {dl^u{t,x)). 

•. z 

It is not hard to check that the path derivatives, whenever exist, are unique in the sense 
of Po-almost surely. 
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Remark 2.2. If the path derivatives dtu,d^u,d^^u all exist, then we must have a = 
dtu + ^tr {d^^u) and (5 = d^jU. In other words, the following functional ltd formula holds: 


for t > 0, 


u{t,x) = uo{x) + [ [dtu + l-tr {dl^u)]{s,x)ds + [ d^u{s,x) ■ dBg, Fo-a.s. (2.5) 

Jo ^ Jo 

In particular, this implies that the mapping t !->■ u(t, x) is continuous, Po-a.s. Moreover, 
denoting odB as the Stratonovich integration, we have 

rt rt 


i{t,x) = uq{x) + / dtu{s,x)ds+ / d^u{s,x)odB, 

Jo Jo 


s, Fo-a.s., 


( 2 . 6 ) 


which is a much more intuitive form. 


We note that by differentiating the equation (j2.6jl and using the definition of the path- 
derivative, one easily checks that 

dui{dxu{t,x)) = dx{d^u{t,x)), dtidxu{t,x)) = dx{dtu{t,x)), V(t,x), P-a.s. 

That is, dx commutes with dt and d^. However, in general dt and d^^i, i = 1, - ■ ■ ,d, do not 
commute. In particular, the matrix d'^^u is in general not symmetric, and consequently, 
the following notion of Levy area Ag^t will be important in our pathwise Taylor expansion 
below. For 0 < s < t, we define 

Bg^t := Bt - Bg, Ag,t := cjfy.= f B^, o dB^, - f B^, o dB^. (2.7) 

J S J S 

We would emphasize here that the Levy area 21^^^ can be defined pathwisely, thanks to the 
pathwise stochastic integration by Karandikar un¬ 
clear ly all the aforementioned derivatives can be extended to any order. Bearing in 
mind the non-commutative property of dt and we recall the following differentiation 
operators introduced in [S]. For multi-indices 6 = {6i,0) = {6i,02,--- ,6n) £ {0, • • • ,d}'^, 
and £ = {ii, - ■ ■ ,£d') ^ , define 

dou := dtU] diU := d^iU, 1 < i < d; := de^ {'dIu), T>l.u := di\ ■ ■ ■ di‘^^,u, ( 2 . 8 ) 

and we also introduce the following norms: 

n d! 

|0|o:=n, |0|:=|0|o + j;i{,,=o}, 1^1 = \{e,i)\ := \e\ + \i\. (2.9) 


2 = 1 


2 = 1 
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Next, recall the following spaces in terms of the norms in (I2.9p : for n > 0 and p > 1, 


C”(A) 

^p(A) 


w;{K) 


{ 


|w G L°(A) : vlplu G C°(A) for all |(0,^)| < n}; 

; L'^(A) : sup E sup x)|^ < oo, 

0<t<T J 

for all \{e,l)\ < n,T > 0, AT CC 

GL'^(A): sup E / \'Dl.u{t,x)\^dx < oo, 

^ o<t<T ^Jk J 

for all \l\ < n,T > 0, AT CC 


( 2 . 10 ) 


Here and in the sequel, “CC” indicates that the subset is compact. Consequently, by 
definition we must have 7^”+^ (A) C C"'(A). 


2.1 Stochastic PDEs vs. Path-dependent PDEs 

We now introduce the main object of this paper: the (forward) path-dependent PDEs in 
terms of the pathwise stochastic analysis introduced before. Consider the following SPDE: 

du{t,x) = f{t,x,u,dxU,d'^^u)dt + g{t,x,u,dxu)odBt, Po-a.s. (2-11) 

where / : A x M x x R and 51 : A x R x R'^^ R'^ are F-progressively measurable 

in all variables, with the variable uj omitted as usual. We note that the SPDE is forward in 
the sense that an initial condition u(0,x) = uo(x) will be given. 

Throughout the paper, we shall use the following standing assumptions. 

Assumption 2.3. {ij The mapping 7 1 —>■ f{t,x,y,z,'y) is increasing in the sense that 
^ 7 / = [^'njf]fj=i > 0, as a matrix. Namely, the SPDE is parabolic; 

(ii) f is uniformly Lipschitz continuous in {y,z,'y) and g is differentiable in {y,z) with 
uniformly bounded derivatives. 

(in) for any fixed {y,z,-;), ff,y,z,-f) eC^{A) and g{-,y, z) e C^iN). ■ 

We remark that Assumption 12.31 (iiil implies g(t, x, u, dxu) o dBt in (I2.11h is well-defined 
for M G (A). We Hrst give the dehnition of the “classical solution”. 

Definition 2.4. We say u G C^(A) is a classical solution of SPDE ()2.11l) if it satisfies 
(j2.1ip on A, Fo-fl-S- ® 

Next, using the definition of the path-derivative, one can easily see that the SPDE (j2.1ip 
can be written in an equivalent form (recall (j2.6p ): 

dtu = f{t,x,u,dxu,dlxu), dcou{t,x) = g{t,x,u,dxu). ( 2 . 12 ) 
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In what follows we call the system of randomized PDEs in (j2.12l) the (forward) path de¬ 
pendent PDF (PPDE, for short) corresponding to SPDE (12.111) . Clearly, since they are 
equivalent under the language of pathwise stochastic analysis, our main idea is to equate 
their well-posedness, both in the classical sense and in the sense of viscosity solutions. 

We first observe that, by differentiating the second equation in (I2.12p with respect to x 
we get (suppressing the variables and noting that g = {gi, - ■ ■ , gd)'^)- 

d' 

{gjit, X, u{t, x), d^u{t, x))) = d^^gj + dygjd^^u + Y^[d^,^gj]dl.^^u, (2.13) 

k=l 

for i = 1, • • • ,d', and j = 1, • • • , d, or in matrix form 

dLu = [d^iuiju]i<i<d',i<j<d = d:^g + d:,:u[dygf + dl^ud^g (2.14) 

Similarly, we have 

+ d^u[dygf + [dl^ufld^g] (2.15) 

= d^g + g[dygf + [dxg + dxu[dygf + dl^u dzgY[dzg\. 

In particular, we note that ()2.15p tells us that we may rewrite SPDE ()2.11l) in Ito form: 

du{t,x) = F(t,x,u,dxU,d‘).u)dtg{t,x,u,dxu)dBt, Pg-a.s. (2-16) 


where, with 6 := {x,y,z,'y), 


Fit, 6) := (^/ + i d,^g + g[dygf + [d^g + z[dygf + -f d^g]'^ [d^g] )(t,6'). (2.17) 


We remark that in this case the parabolicity condition (Assumption [2]3]-(i)) amounts to 
saying that d-yf = d-yF — ^[dzg][dzg]'^ > 0 , which is commonly used in the literature (see 
e.g. [3T] and [27]). 

2.2 Path^vise Taylor expansions. 


We are now ready to introduce the main element of our dehnition, the pathwise stochastic 
Taylor expansion that we derived in our previous work [5|. We begin with the following 
result |5l Theorem 5.2]. 


Lemma 2.5. Let u G 77p(A) for some p > p^ ■.= 3d' + 2. Then for any 0 < a < ^[1 — 
we have the following pathwise backward Taylor expansion: /orPo-a.e. co, 

uit - 6,x h) = u- dtu5 + dxU ■ h - d^jU ■ • hh^ - dxojU : h[Bt-Sd]'^ 

+ \dl^u : At-s,t\ it,x) + o([(5 + |/i|2]i+“), 


(2.18) 
















for all {t, X, 6, h) £ Q, where 

Q := I (t, X, 5, h) : {t, x) £ Q, (<5, h) £ (0, t] x |. (2.19) 

The case that is of special interest to us is when the Taylor expansion (I2.18P is applied 
to the solution of SPDE (j2.1ip . or PPDE (I2.12p . We note that if we follow the calculations 
(I2.13p - (j2.15l) . then (I2.18P becomes: with u taking value at {t,x), 

u{t - 6,x + h) = u + T^^ f^(t,x,u,dxU,dl^u, f{t,x,u,dxU,dl^u)^ + o([5 + |/ip]^+"), ( 2 . 20 ) 
where, with g taking value at (t, x, y, z), for all (a, z, 7 ) £ M x x , 


V’ 7; a) := + z-h- g ■ Bt-5,t + -7 : 


+ - 


doj9 + g[dygf + [dxg + z[dygf + 7 d^g] [d^g] 




t—6,t 


dxg + z[dygf + 7 d^g 


: hB 


T 

t—S,t 


= -a6 + z-h- g- Bt-s,t + -^1 ■ {h - d^gBt-s,t){h - dzgBt_s^ty 


( 2 . 21 ) 


+ - 


dui9 + gidygf + [dx9 + z[dygf]'^[d;,g] 


BtsxBJLxt. + 


-5,t 


dxg + z[dygy 


hB, 


T 


Here we used the facts that 7 £ is symmetric and At-s,t is antisymmetric, and thus 

[dz9f7[dz9] : At-s,t = 0 . 


The following result, which provides some sufficient conditions for the regularity 'Hp(A), 
is a special case of Proposition 7.3 (with m = 4) and Theorem 7.1 of our previous work [5]. 
We note that in the following statements we shall include the spatial derivatives to those 
involving (y,z,'y), which are defined in an obvious way. 


Lemma 2.6. Let p > := 3d' + 2, and denote p 4 := lip. Assume that 

(z) for any |0| < 3, g exists for all \l\ -L \l\ < 4 — \9\, and is uniformly 

bounded when \l\ > 1. Moreover, V^V^g is uniformly Lipschitz continuous in {y,z) and 
Vivtg{-,0,0) £ WpVA) for |^| < 4 - |0|. 

(a) for any |0| < 2, ^exists for all \t\ + \l\ < 3 — \9\, and is uniformly 

bounded when \l\ >1. Moreover, P^Pf,/ is uniformly Lipschitz continuous in {y,z,^) and 
Vivtfi-,0,0,0) £ WpO (A) for \£\ < 3 - |0|. 

Let u £ VEp^(A) be a classical solution (in the standard sense with differentiability in x 
only) to SPDE 12.11\) . then u £ 'Hp{K) C C^(A). Consequently, for any 0 < a < ^[1 — y], 
/or Pq-o-c. oj, the pathwise Taylor expansion (I2.2UI) holds for all {t,x,6,h) £ Q. 
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Remark 2.7. We remark that the regularity requirement in Lemma 12.61 is rather strong, 
which means not every classical solution to SPDE (12.111) or PPDE (|2.12l) can have a Taylor 
expansion. But on the other hand, this also means we shall add the Taylor expansion as an 
extra index of “regularity”. We should note that the regularity in this form is important in 
our pathwise analysis, which resembles some aspects in rough path theory (cf. e.g. |14jL 
We shall provide some sufficient conditions in our forthcoming work [^, especially in the 
case of semilinear SPDEs. ■ 

3 Pathwise viscosity solution of forward PPDEs 

In this section we will introduce the notion of (pathwise) viscosity solutions to the SPDE 
(j2.1ip . or equivalently, that of PPDE (j2.12jl . For notational simplicity, in what follows we 
shall rewrite (j 2 . 12 p as: 

Cu{t, x) := dtu{t, x) — f{t, X, u, dxU, d'^^u) = 0, di^u{t, x) = g{t, x, u, dxu). (3.1) 

We note again that our PPDE is forward in the sense that initial condition u(0, x) will be 
given, which is quite different from the backward PPDEs in [111 [13] where the terminal 

condition at t = T is given. 

3.1 Classical solutions of PPDE 

As was indicated in Remark 12.71 a classical solution in the sense of Definition 12.41 may not 
have the desired Taylor expansion, which will be crucial in our discussion. We therefore first 
introduce a strong version of classical solution for PPDE (|3.1I) . We begin by introducing 
the following space on which the classical solutions will be defined. 

Let coefficients / and g be given, and assume that they satisfy Assumption 12.31 Recall 
the operator ^ = T® ^(t, x, uj, y, z, 7 , a) defined by (I2.2ip . for (t, x,uj) € A and (y, z, 7 , o) G 
M X X X M. 

Definition 3 . 1 . For any a > 0, let CoJ(A) denote the set of all processes u G C'^(A), such 
that for Po-a.e. uj ^ Ft, it holds that 

u{t - 6,x + h) = u{t,x) + T^gi^(^-,u,dxU,dl,x^, dtv^ {t,x) + o([(5 + |hp]^+“), (3.2) 

for all {t,x,6,h) &Q, as 6 + |/ip —>■ 0. Furthermore, we define C'g’^(A) := Uc>oC'a,g(A). ■ 
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Clearly, the space C'qJ(A) combines the usual “differentiability” in the pathwise sense, 
and the “expansibility” in terms of stochastic Taylor expansion to the order “2 + a ”, for 
some a > 0. We also note that ai > 02 implies C'oj^g(A) C Ca^^g{K). 

We now define the “classical solution” to PPDE ()3.1I) as follows. 

Definition 3.2. u € C'g’^(A) is called a classical solution (resp. subsolution, supersolution) 
of PPDE (I3T]) if 

Cu{-, •) = (resp. <, >)0 and ■) = g{-, •, u, dxu), on A, Po-a.s. 

Intuitively, a classical solution of PPDE (13.11) should be a classical solution to SPDE 
(12.111) . but the converse is far from clear. The following result establishes the connection 
between classical solutions in the sense of Definitions 12.41 and 13.21 To this end, we denote 

nt{A) := Upyp,n^g{A). (3.3) 

Proposition 3.3. Let Assumvtion \2.3\ hold and u € 7i‘){A). Then u is a classical solution 
to SPDE (12.lip if and only if it is a classical solution of PPDE (13.ip . 

Proof If u is a classical solution of SPDE (12.lip , plugging (I2.12p - (I2.15I) into (j2.18l) we see 
that u G C'g’^(A) and Cu = 0. That is, u is a classical solution of PPDE (13.11) . On the other 
hand, if u G C'g’^(A) and Cu = 0, then, by comparing (12.181) and (13.21) . we see that (12.121) 
holds. This, together with (12.61) . implies that u is a classical solution of SPDE (12.lip . ■ 

3.2 Viscosity solutions of PPDEs 

We now turn to the notion of (pathwise) viscosity solution of PPDE (13.ip . We begin with 
identifying the appropriate set of test functions. Note that it is crucially important to find 
the right set of functions, which should not be too large so that the existence is verifiable, 
and not be too small either so that the uniqueness is still possible. In light of [1], we shall 
first localize the random fields (both temporally and ca-wisely), via the pathwise Taylor 
expansion. The following definition is thus useful. 

Definition 3.4. Let 0 < ti < w G D, a > 0, and O C open. We say that 
T S Ca‘^g,ui{{ti,t 2 ] X O) if <p € C^’‘^{[ti,t 2 ] X O) and there exists d'fip G C^{(ti,t 2 ] x O) such 
that, for any {t,x) G (ti,t 2 ] x O and {t,x,6,h) G Q, 

(f{t -6,x + h) = if{t, x) + T|^(-, •, (/?, dxif, &f‘p){t, x) + o([5 + |/ip]^+"), (3.4) 

where T® ^ ^(t, ta, x, y, z, 7 , a) is defined by \2.21\) . ■ 
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We should note here that for each fixed a; € 0, the elements in ^ 2 ] x O) are 

deterministic functions. Moreover, it is clear that for u € it holds that 

if := u{-,uj) e Po-a.e. w, and Sf (p = dtu{-, uj). (3.5) 

We now define the test functions for the pathwise viscosity solution for a given random 
field u € C‘^(A) at any fixed {t,x,u}) G A. Consider the following two sets: 

A°'u{t,x,u) := G C^'^guiit — S,t] X Os{x)) for some 5 > 

u{t, x,uj) — p{t, x) = 0 = min [u{s,y,u}) 

{s,y)€{t-S,t]xOs{x) 

A^u{t,x,oj) := G C]p'^g i^{{t — S,t] X Osix)) for some 5 > 

u{t,x,co) — ip(t,x) = 0 = max [u{s,y,Lj) 

(s,y)€{t-S,t]xOs{x) 

where 0^{x) denotes the (5-neighborhood of x. We then define 

Definition 3.5. Let u G C^(A). 

(i) u is called a viscosity a-supersolution (resp. a-subsolution) of 
Po-a.e. ui, for any {t,x) G Q and tp G A°^u{t, x,uj) (resp. A°‘u{t,x,u})), 

d‘fp{t,x) + f{-,p,d:,p,d^^p){t,x,uj) > (resp. <)0. 

(a) u is called a viscosity supersolution (resp. subsolution) of PPDE (13.11) if it is a 
viscosity a-supersolution (resp. a-subsolution) of PPDE (13.11) for some a > 0. 

(Hi) u is called a viscosity solution of PPDE (|3.ip if it is both a viscosity supersolution 
and a viscosity subsolution. 

Remark 3.6. (i) We require the same constant a for different {t,x,oj). Notice that the 
set C'o,g,w((fi,^ 2 ] X O) is increasing when a decreases. Then, for ai < 02 , a viscosity 02 - 
supersolution must be a viscosity ai-supersolution. Therefore, u is viscosity supersolution 
if and only if there exists oq > 0 such that u is a viscosity a-supersolution for all a < a^. 

(ii) Since the paths of Brownian motions are Holder ^ — e continuous for every e > 0, 
we may actually fix an a < | in this paper and all our results will still hold true, after some 
obvious modifications. 

(hi) As standard in PDE literature, one may use semicontinuous functions for viscosity 
subsolutions/supersolutions. We consider only continuous ones for simplicity. ■ 

Remark 3.7. To end this subsection we should point out that, in light of the standard 
viscosity theory, it is tempting to define the notion of viscosity solution in an alternative 


0 , s.t. 

-‘/?('S,y)]}; (3.6) 

0 , s.t. 


PPDE (13.1|) if, for 
we have 
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way via the notion of (stochastic) parabolic jets. For example, for any a > 0, u £ C^(A), 
£ Q X Cl, we can denote 

X, w) := |(a, 2 :, 7 ) e M X x S'^ : for all ((5,/i) € (0, t) x , (3.7) 

u{t - 5,x + h) < u{t,x) + Tl^^{t,x,u{t,x),z,'y,a) + o([(5 + 

Then, we can say that u £ C®(A) is a viscosity subsolution of PPDE (|3.ip if there exists 
a > 0 , such that for Po-a.e. to, it holds that 

a — f{t,x,u,u{t,x,u), z,^) < 0, {a, z,j) £ J^’^u{t,x,uj), \f{t,x) £ Q. (3.8) 

Similarly we may denote Ja u{t,x,Lo) and then define viscosity supersolutions. 

However, unlike the deterministic viscosity solution theory, in which the dehnition via 
“jets” is equivalent to the one dehned via test functions as in Dehnition 13.51 in the PPDE 
case the former dehnition is weaker than the latter. More precisely, for any ip £ A^u{t, x, to), 
one checks straightforwardly that {df(p,dxP,d‘^^(p){t,x) £ Ja~^u(t,x,uj). Thus u being a 
viscosity subsolution in the sense of (j3.8h implies that it is a viscosity subsolution in the 
sense of Dehnition 13.51 However, the opposite implication is not necessary true, as the 
w-wisely dehned jets may not be “aggregatable” to a random held, much less having the 
desired regularity (in (t,x)). In fact, under the dehnition (13.81) . we can only prove the 
stability result in a very special linear case g{t,x,y,z) = cz -h go{t), where c is a constant 
matrix. The result that we prove in the following sections is obviously much more general, 
due largely to the “localized” temporal derivative introduced in Dehnition 13.51 ■ 

3.3 Consistency of the viscosity solution 

In this subsection we justify our dehnition of viscosity solution by arguing that a classical 
solution must be a viscosity solution in the sense of Dehnition 13.51 We have the following 
consistency result. 

Proposition 3.8. Let Assumvtion \2.3[ hold and u £ C'g’^(A). Then u is a classical subso¬ 
lution (resp. supersolution) of PPDE (13. ip if and only if u is a viscosity subsolution (resp. 
supersolution) of PPDE (13.ip . 

Proof We shall only argue for subsolutions, the case for super solutions can be proved 
similarly. We begin by assuming that u is an a-viscosity subsolution with a certain a > 0. 
By otherwise choosing a smaller a, we may assume without loss of generality that u £ 
C'oJ(A). Then it follows immediately from (|3.5p that u is a classical subsolution. 
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We now assume that u G C'aJ(A) is a classical subsolution to PPDE ()3.1I) . Recall from 
Definition ED that for such u there exists a set C D with Po(D„) = 1 , such that for all 
u G (|3.2I) holds. Further, since under Pq the canonical process is a Brownian motion, 
which has Holder-^ continuous paths for all k G (0, ^), we might assume without loss of 
generality that for each ui G u; is Holder-continuous. Now let a; G flu, {t,x) G Q, 
and (/9 G A°^u{t,x,uj). It is clear that 

dxip{t,x) = dxu{t,x,uj), dl^(p{t,x) > d‘^^u{t,x,uj). (3.9) 

Moreover, 


0 > [u{t — 5,x + h,uj) — — 5,x + h)] 

= (•> dlxU, dtv^ {t, x, uj) - V9, dx^p, dlxP, {t, x) + o([(5 + |/i| 

= —[^tu{^,x,ijj) — &^p{t,x)]5 

+ \[dlxu{t, X, uj) - x)] ; {h - gzBt-s,t)ih - 9zBt-s,tf + o([5 + • 


Setting h := QzBts^t, we obtain that 


-[dtu{t,x,oj) - d^p{t,x)]5 < o{[6 + \Bt-s,tf]^^°) ■ 

Since uj is Holder-continuous, we have o([6 +\Bt-s^t\‘^]^^'^) = o{d), which then implies 
that dtu{t,x,uj) > &fp{t,x). Consequently, recalling Assumption 12.31 and ()3.9p . and noting 
that is a classical subsolution, we obtain that, at {t,x,uj), 


d^pit,x) - f{-,p,dxp,dl^p){t,x,uj) < dtu-f{-,u,dxu,dl^u) {t,x,uj) 


= Cu{t, X, uj) < 0. 


That is, ri is a viscosity subsolution, proving the proposition. 


3.4 A change variable formula 

As in the study of viscosity solutions, it is often convenient to assume that the coefficient / 
is monotone in y as well. In this subsection we show that such an assumption is essentially 
“free”, given Assumption 12.31 by a simple change of variable formula. Furthermore, we shall 
verify that the viscosity solution is “invariant” under such change of variables. 

To begin with, let / and gf be a pair of given coefficients satisfying Assumption 12.31 
Let tt be a classical solution of PPDF (|3.ip . and A : [0, oo) x H —>■ R an F-progressively 
measurable bounded process. Denote rjt = f^^sds, t > 0, and 

u{t,x,uj) := e^*u{t,x,uj) := ^»‘^^u{t,x,uj). (3.10) 
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(3.12) 


One can then check directly that (suppressing variables) 

dtu = Xu + e^dtu, d^iU = e^d^u, u = e~'^u, dxU = e~^dxU, = e~^dl^u. (3.11) 

Now for (t, X, y, z, 7 ) € [0, 00 ) x x M x x we define 

f fit,x,y,z,'y) := Xty+ e^^f{t,x,e-^^y,e-'^^z,e-^^'y)-, 

1 9 {t,x,y,z) := e^^g{t,x,e-^*y,e-^^z). 

It is straightforward to check that {f,g) satisfies Assumption 12.31 provided that A is con¬ 
tinuous in t. Furthermore, plugging (13.lip and (|3.12p into the PPDE (13.ip we obtain the 
following equations: 

Cu{t,x):=dtu — f{t,x,u,dxU,d‘^^u) = 0, d^jU = g{-,u,dxu). (3.13) 

Proposition 3.9. Let Assumvtion \2.3\ hold and X be bounded and continuous in t. Then 
u € C^(A) is a viscosity subsolution of PPDE dsi]) if and only if u is a viscosity subsolution 
of PPDE (Umi) . 

Proof We shall prove only one direction, and the other direction is similar. Assume u is 
a viscosity a-subsolution of PPDE (j3.1l) . Let a; G D be such that u satisfies the viscosity 
subsolution property at tv. For any {to,xo) G Q and (p G A^u{tQ, xo,uj) with corresponding 
Jo > 0 , denote 

(p(t,x) := e~'^*(f{t,x), dfip:=e~'^*[df(p — Xip]{t,x). (3-14) 

One can check directly that (supressing the variables), 

dug = e^dug, dxg = e^dxg, dyg = dyg, d^g = d^g. 

Therefore, recalling the definition of the operator T| ^ in (I2.2ip we can easily check that 

dfp){t, x) = e’?*T|^(-, P, dxP, dl^p, e-^*&fp){t, x). 

Then, by assuming a is small and noticing that u is locally bounded, for any (t, x) G 
(io - <5o,io] X O5o(a:o), 

p(f — b^x P K) = e~^*~^p{t — 5, x + h) 


= e 


P + ^ihi-^P^9^P^9xxP,dfp) {t,x) + o{[6 + 

= p + T^g A-^P’^xP,dl^p,e-^^dfp) (t, x) + o([J + |/i|2]^+") 

= [1 + AiJ] p + TlA-^P^dxP,dlxP,e~'^^dfp) {t,x) + o{[6 + \h\‘^]^+^) 

= P + P, dxP, dlxP, e-^^dfp) + Xtpb (t, x) + o([J -h 

= P + '^%hi-,P^dxP,dlxP,dfp) {t,x) + o{[6 + \h\^]^+°‘). 
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In the above, the last equality is due to the fact that 


e x) + Xtifit, x)5 = T|^(-, ip, d^if, dl^ip, &tip){t, x), 


thanks to the definition of (j2.2ip and the identity (I3.14p . In other words, , we conclude 
that if € Cafg,u]{ito — 5o)^o] X O(5o(^o))) which further implies that ip G A°‘u{tQ,xo,Lo). By 
the viscosity subsolution property of u we have 


df(p{to,xo) - f{-,ip,d^ip,dl,^ip){to,xo,u}) < 0 . 


This leads immediately to 


dtip{to,xo) - f{-,ip,dx(p,dl,^(p){tQ,XQ,u}) < 0 , 


confirming the viscosity a-subsolution property of u. The proof is now complete. ■ 

Since / is uniformly Lipschitz continuous in y, by choosing A sufficiently large (resp. 
small), clearly the coefficient / is strictly increasing (resp. decreasing) in y. 


4 Partial Comparison Principles for PPDEs 

In this section we explore the Comparison Principle for solutions of PPDEs, a crucial tool 
for proving the well-posedness of viscosity solutions of PPDEs in the next section. As in 
the standard PDE literature, the main challenge lies in the comparison between a viscosity 
subsolution and a viscosity supersolution. Similar to the study of backward PPDEs in 
[HKiaiii], the main building block of our arguments is the Partial Comparison Principle, 
that is, the comparison principle in which one of the solutions is classical. We should 
point out that throughout the next two sections we shall consider PPDEs in the most 
general fully nonlinear form, but impose some abstract conditions, as our purpose here is to 
provide a generic method to prove the well-posedness. Verifying these conditions is possible 
but by no means nontrivial, and we will give a more detailed accounts on this issue in our 
accompanying work [6]. 

4.1 Classical comparison 

We begin with the following “classical comparison theorem” between classical sub- and 
super-solutions. 

Proposition 4.1. Suppose that Assumvtion \2.3\ is in force and the coefficients f,g are 
sufficiently smooth. Assume that u G 'H^(A) is a classical subsolution and v G is a 
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classical supersolution of PPDE (|3.ip . //m( 0, •) < f(0, •), then u < v on A. Moreover, if 
u(0, •) < 7;(0, •), then u < v on A. 


Proof In this proof we shall consider the SPDE in its ltd form (|2.16p - (l2.17l) . Following 
the functional ltd formula and the derivation of (I2.16jl - (l2.17jl one can easily get: 

du{t,x) = Cu + F{t,x,u,dxU,d‘^u) dt + g{t,x,u,dxu)dBt] 

dv{t,x) = Cv + F{t,x,v,dxV,dxV) dt + g{t,x,v,dxv)dBt. 

Denote w := u — v and if := Cu — Cv. Then, 

dw{t, x) = [V’ + FyW + FzdxW + F.ydxx'w]dt + [gyW + gzdxw]dBt, (4.1) 


where 

pi 

Fy{t,x) = / dyF{t,x,co,v + Xw,dxV + XdxUj,d'^,,,v + Xd'^,,,w)dX, (4.2) 

Jo 

and we define the terms Fz,F.y,gy, g^ similarly. Since u,v £ we see that Fy, F^, Fy, gy,gz 
are well-defined random fields. Moreover, in light of (I2.17[l . writing Fy,fy and gz in the 
form of (j4.2l) . we see that 

f-y ■— -^7 ~ 

= / [dz9idzg)'^]it,x,oj,v + Xw,dxV + Xdxw)da - -gz[gzf > f'y >0- 

Jo ^ 

Thus we may view w as a classical solution to the linear parabolic SPDE (14.Ij) . 

Our next step is to derive the Feyman-Kac representation formula for w. We remark 

that such a representation for SPDEs is frequently seen in the literature (see e.g. Rozovskii 

m for linear case and Pardoux and Peng [29] for semilinear case). However, these works 

require the differential operator C to be deterministic and thus cannot be applied to our 

situation. We shall instead apply the similar idea of Leahy and Mikulevicius [2T] which 

deals with random coefficients. Since the notations are quite different, for completeness we 

sketch a proof below. We note that our argument is essentially “pathwise”, and therefore 

more suitable for the PPDE framework. The main idea is still the stochastic characteristics. 

For simplicity, in the following discussion we shall assume all processes are 1-dimensional. 

We begin by introducing the following SDEs: 


etix)=x- gy{s,9s{x))dBs, 

Jo 

Vtix,y)=y+ / gz{s,9s{x))gs{x,y)dBs. 

Jo 


t € [o,r] 


(4.4) 
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Since the coefficients gy and are F^-measurable random fields and regular enough, both 
equations in (14.41) should have unique solutions 0 and g that are F-^-progressively measurable 
on [0,T], which are known as the stochastic characteristics. 

Next, let M{x) = {Mt{x))t>o be the solution to the following SDE: 

dMt{x) = Mt{x)gt{6t{x))dBt, Mq{x) = 1, (4.5) 

then it is easy to see that gt{x,y) = yMt{x), t G [0,T]. 

Now let w be the classical solution of SPDE (j2.1ip . Define v{t, x) := Mf^{x)w{t, 9t{x)), 
or equivalently, 


w{t, 9t{x)) = gt{x, v{t, x)). (4.6) 

Then v is also F^-progressively measurable. Apply Ito-Ventzell formula we have 

dw{t, 9t{x)) = [gydxw + g^w] {t, 9t{x))dBt + [F^dl^w + F^d^w + FyW + if] {t, 9t{x))dt 
-[gyd:cw\{t,9t{x))dBt + ]^[dl^w{gyf\{t,9t{x))dt 
- [dx[gydxw + gzw\o] (t, 9t{x))dt 
= gzw{t,9t{x))dBt + [dd'^^w + bdxW + cw + 'tp]{t,9t{x))dt, 

where d:= F^- ^[gy]'^, h\= F^- [dxgy\gy - gz9y, c:= Fy- [dxgz]9y Thus, by (gA]) we have 

Mt{x)dv{t,x) = dw{t,9t{x)) + w{t,9t{x))Mt{x)dM^^{x) - [{gzfw]{t,9t{x))dt 

= [ddxxW + bdxW + etc + -0] (t, 9t{x))dt. (4.7) 

Now note that w{t,9t{x)) = Mt{x)v{t,x), differentiating it (twice) we get 

dxw{t,9t{x))dx9t{x) = Mt{x)dxv{t,x) + dxMt{x)v{t,x)-, 

< d^^w{t,9t{x))\dx9tix)\'^ + dxw{t,9t{x))d'^^9t{x) (4.8) 

= Mt{x)dxxv{t, x) + 2dxMt{x)dxv{t, x) + dxxMtix)v{t, x). 

Moreover, differentiating the first SDE in (14.4p we have 

dxOt{x) = 1 - / dx[9y\{s,9s{x))dx9s{x)dBs, 

Jo 

which leads to that 

dx9t{x) = expj - y [dx9y\{s,9s{x))dBs - ^ J \[dx9y]{s,9s{x))\‘^ds'j > 0. 
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Therefore we derive from ()4.8I) that 


dxw(t,6t{x)) = 

dLw{t,0tix)) = 


1 


dxdt{x) 

1 

\dxOt{x)\‘^ L 
dL^tix) 


Mt{x)dxv{t,x) + dxMt{x)v(t,x) ; (4.9) 

Mt{x)dl^v{t,x) + 2dxMt{x)dxv{t,x) + dl^Mt{x)v{t,x) 
[Mt{x)dxv{t,x) + dxMt{x)v{t,x)] 


dxOt{x) 

Plugging these into (14.71) we obtain 

dv{t,x) = d{t,x)d‘^^v{t,x) + b{t,x)dxv{t,x) + c{t,x)v{t,x) +'ilj{t,x) dt, (4.10) 
where, by simplifying the notations: = ^t{x), t £ [0,T], for ^ = M, 0, • • •, we have 

d{t,-) : 


a{t,0t) ^ 2da:Mtd{t,0t) d{t,9t)d^Jt , , 

12’ •7i^ir\/aiO / r\ \Q ' 


\dx0t 


Mt\dx0t 


{dx0tr 


dxOt 


c{t, 


dl^Mtd{t,0t) dxMtd{t,9t)dl^0t , dxMtb{t,0t) 


Mt\dx0t 


Mt{dx0t)f 


+ 


Mtdx0t 


+ c(t,0t); (4.11) 


V^(f,-) := ^'ip{t,0t). 


We remark that in the above all random fields are F^-measurable. Prom now on, to 
emphasize that the randomness depends only on cj, we shall specify v{t,x,uj), etc. We 
now let VP be a 1-dimensional standard Brownian motion defined on another complete 
probability space (n',J^',P'), and consider the product probability space (11,T',P) where 
^ = Q X Q'] T = T ^ T'\ P = Pq X P'. Then VP is obviously independent of B, under 
P. Furthermore, for random variables ^(w), to £ Q, and 'r]{u}'), to' £ fl', we view them as 
random variables in fl by the identification: ^(o;) = ^(cu); r]{u;) = r]{io'), and uJ := 

We can now derive the Feynman-Kac representation formula for u in a more or less 
standard way. For any (t,x) £ [0, T] x M, define the filtration := TY V ^ 0 < s < f, 
and consider the following SDE on (n',T'',P') for fixed a; € fl: 

Xl’^ = x+[ J2a{t-r,Xp^,uj)dWr+ [ b{t - r, X^^’^ ,Lo)dr. (4.12) 

Jo Jo 

We note that since VP is independent of B, we can consider (I4.12P as an SDE on the space 
(D, P), whose coefficients are stochastic Lipschitz continuous. Thus, applying a general 

result m Theorem V.6] we obtain a solution X^’^ of (j4.12p on (D,F,P), such that for 
s £ [0,f], Xl’^ is T"*-measurable. 

Now let us define a process F*’^ = exp ii: c{t — r,X*’^,-)dr| on (D,F,P). Then by 
dehnition of c and X^'^, for Po-a.e. w € D we shall consider it as a {J^]^}-adapted process 
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on (O', A similar arguments as the standard Feynman-Kac formula then yields that 


v{t,x,u;) = E rf r;o(Xf) + / - s, A*’", •) (w). (4.13) 

To conclude, let Ct{x) be the inverse function of a; i-)- Ot{x), then for Po-a.e. to G O we have 

w{t,x,io) = Mt{x,uj)v{tXt{x,u}),uj). (4-14) 

Since wq > 0, 'ip > 0, we can easily conclude from (14.lip and (I4.13P that v{t,x) > 0, Po-a.s. 
It then follows from (I4.14h that w{t,x) > 0, Po-a.s., proving the comparison theorem. ■ 


4.2 Partial comparison in the case g = g{t,x,u, z). 

The arguments for partial comparison principle is quite different from that for classical 
comparison. To this end, we shall hrst specify the boundary condition. 

Definition 4.2. Let u,v € C'^(A). ITe say that u < v on dA if 

u{0, ■) < v{0, ■) and lim sup {u — v){t,x) < 0, VT > 0, Pq-o.s. (4.15) 

Moreover, we say u = v on dA if u <v and v < u on dA; and u < v on dA if u < v on dA 
but it does not hold that v < u on dA. 

We remark that in standard PDE literature, one only needs to specify the initial con¬ 
dition tt(0, •) and certain growth condition as |x| —>■ oo. For the ease of presentation, in 
this paper we require the asymptotic behavior of the solutions as Ixj ^ oo, in the sense of 
(I4.15p . We hope to relax this requirement in future publications. 

We first consider the case when the coefficient g is independent of y, as in this case the 
proof is rather straightforward. We have the following partial comparison result. 

Proposition 4.3. Suppose that Assumvtion \2.3\ holds and that g = g(t,x,uj, z). Let u be a 
viscosity subsolution and v a classical supersolution of PPDE (|3.ip . If u < v on dA in the 
sense of Definition \4.2\ then u < v in A, Po-fl-S- 

Proof In light of Proposition 13.91 we first assume without loss of generality that 

/ is strictly decreasing in y. (4-16) 

It is worth noting that if g is independent of y, then so is the g defined in ()3.12p . Assume 
u is a viscosity a-subsolution and v € Cafg(Ai). Let Qq be a full measure set such that at 
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any u S r^O; u (resp. v) satisfies the viscosity subsolution (resp. classical supersolution) 
property, and the convergence in Definition 14.21 holds. 

Suppose the assertion of the Proposition is not true. Then there must exist {to, xq, cu^) G 
A such that £ Dq and (u — v){to,xo,uj^) > 0. Denote 


c := sup {u — v){t,x,u}^) > {u — v){to,xo,u}^) > 0. 

{t,x)£[0 

By the boundary condition, there exists a compact set K CC such that {u—v){t, x, co^) < 
§ for all {t,x) G [0,to]x{W^'\K). Then c = sup(i^ 2 ,)g[o,to] ,^K{u—v){t,x,ui^). The compactness 
of [0,fo] X K implies that there exists {t*,x*) G [0,fo] x K such that {u — v){t*,x*,uj^) = c. 
Since n(0, •) < n(0, •), we have t* > 0. Then, denoting tp := v{-,uj^) + c, we have dxP = dxV, 
dxx^ = dxxV, and 

(p{t-6,x + h) = (f{t,x)+T‘^^f^(^-,v,dxV,dlxV,dtvYt,x,uj^) + o{[6 + \h\‘^]^^‘^) (4.17) 

= +T^gf^(^-,‘f,dx(p,dl,^(p,dtvYt,x,uj^) + o([h + |h|Y^“), 

where the last equality used the assumption that g is independent of y. This implies that 
ip G A°‘u{t*,x*,u}^) with d‘f°p = dtv{-,uj^). By the classical supersolution property of v 
and the viscosity subsolution property of u, we have 


dtv - f{-,uj°,v,dxv,dlxv) {t*,x*)>0> dtv - f{-,uj° ,u,dxV,dlxv) {t*,x*), 

a contradiction with the strict monotonicity ()4.16p . 


4.3 Partial comparison in the general case. 

We now consider the general case when g = g{t, x, uj, y, z). Since in this case the function g 
depends on the solution v (i.e., the variable y), the last equality of (j4.17p breaks down. We 
therefore need a different approach. Denote 

g* := [t, t + d]x M'^', := Ql x D, for t > 0, h > 0. (4.18) 

We begin by observing that in a partial comparison, one of the solutions is a classical 
one. In fact, as we shall see in the next subsection for the full comparison, it is sufficient to 
consider a rather smooth one. Thus in the rest of the argument we shall assume that v is 
sufficiently smooth. Dehne the following functions: 

r{t,x,uj,y,z,A := f{t,x,uj,v + y,dxV + z,dxxV + A - f{t,x,uj,v,dxV,dxxv); 
g‘^{t,x,uj,y,z) := g{t,x,u},v + y,dxV + z) - g{t,x,u},v,dxv). 
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Clearly, 0,0,0) = 0, g^{t,x,0,0) = 0. Further, for any e > 0, let /^ > /^ > ^ be 

certain approximations of Now let us consider the following SPDEs on A^: 


d9l{t, x) 
d^{t, x) = 


= Te{t, X, el, djl,dlJ"^)dt + g'’{t, x,f’^,dj"^) o dBt, 

nt, x,^, d^ez, dl,eS)dt + g\t, x,ei, 9,^) o dBt, 


C(c-) = e; 
e^{t,-) = -e. 


(4.20) 

(4.21) 


We observe that since f'^{t,x,0,0,0) = g'^{t,x,0,0) = 0, it is readily seen that, when e = 0 
the above SPDEs corresponding to fo ■= =■ /q have a classical solution ^ = 0 = 0 q. 

Dehne the following two sets: 

C'jg(A) := |u G Bt^A) n C'g’^(A) : Vt > 0, 35 > 0, such that, Ve > 0, 

3fl > f" such that (I4.20j) has a classical solution Ol G 'H‘^{A) (4.22) 

satisfying linig^o^e(s,a:) = 0,V(s,a;) G Q^jFo-a-S-j; 

Cj^(A) := |u G B-tiA) n C'g’^(A) : Vt > 0, 35 > 0, such that, Ve > 0, 

3^ < such that (I4.2ip has a classical solution Ol G B^{A) (4.23) 

satisfying lime_j.o^(s,x) = 0,V(s,x) G Q^,Po-a.s.|. 

We remark that the classical comparison Proposition 14.11 implies that Ol > 0 > ^ for 
e > 0. We are now ready to give the main result of this section. 


Proposition 4.4. Suppose that Assumption 111.51 is in force. Assume that u is a viscosity 
_ ^ 2 

subsolution and v G Cf g{A) a classical supersolution of PPDE (13.11) . If u < v on dA, then 
u < V, Po-a.s. 


Proof Similar to Proposition 14.31 we shall focus on a set Dq C D, with Po(Do) = 1, such 
that for every a; G Dq, we have the following facts: 

(i) u (resp. v) satishes the viscosity subsolution (resp. classical supersolution) property; 

(ii) the convergences in Dehnition 14.21 hold: and 
(in) the convergence in (|4.22p (resp. (|4.231) 1 holds. 

Again, we prove the result by contradiction. Suppose that the comparison fails. Denote 
to := inf |t > 0 : Pq ^ sup [u — u] {t, x) > 0^ > o|. 

_2 

Let 5 > 0 be that in (I4.22p corresponding to u G Cfg{A) and to > 0. Then there exists 
{ti,xo,uj^) G {to, to + 5] X X Do such that 

c := sup [u — v]{t,x,uj^) = [u — v]{ti,xo,u}^) > 0 = sup [u — u](to,a^)- (4.24) 
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Define \= v + 6^^ > v for the ^ in (I4.22p . Then u — < —e on in the spirit of 

Dehnition 14.21 and {u — xo,uj^) > | > 0 for e small enough. Similar to the proof of 

Proposition 14.31 there exists {ts,Xs) € (to)D] x such that 

{u — v^){ts,Xc,uj^) = 0 = max [u — v^){t,x,uP). (4-25) 

Note that 

dajV^{t,x) = + = g{t,x,v,dxv) + g'’{t,x,T^,dxT^) = g{t,x,v^ ,d^v^). 

Then one may easily check that G C'g’^(A^°), and thus (14.251) implies (p := v^{-,u!^) € 
A°‘u{t^,X£,u}^) with df°p = dtv^{-,u!^). By the viscosity subsolution property of u, at 
(te, Xe,io^) we have 

dtv^ - /(•, v^, dl^v^) < 0 . 


Therefore, at {te,Xe,uj^), 

Cv = dtv - f{-,v,da;v,dl^v) = dtv'^ - dtOl - fi-,v,dxv,dl^v) 

< /(•, - dt9l - /(•,?;, d^^v, dl^v) 

= -dtX + r{-X,dX,dlX) = -Te{-X,dX,dlX) + r{-Xe,dXe,dlX) < 0. 


This contradicts with the classical supersolution property of v. 


5 Well-posedness of PPDEs 

We are now ready to prove the main well-posedness result of this paper. Again, since we 
are considering a general framework, we shall introduce some special assumptions that may 
not be immediately verihable. The verihcation of these assumptions could be non-trivial in 
general, but as we shall see in our accompanying work [6], they are particularly true in the 
semilinear case. 

We shall start with a stability result, for which we need the following assumption. Recall 
the function g‘^ is defined by (j4.19p . 

Assumption 5.1. For Po-a.e. u, for any {tQ,xo) € Q, 6o > 0, a > 0, and any p € 

Calg,uj((to — <5oTo] X Osg(xo)), e > 0, there exist > 0 and deterministic functions 6^ £ 
^12 

Ca’,g¥>,aj((^o “ <^oTo] X O5(,(xo)), such that lim£^o4 = 0 and 

(i) es{to,xo) < 0 < inf(i_a.)ga([tg_5^^tg)xOe(xo)) for e > 0 small enough, where 

9([to - 4,io) X Oeixo)) := |(t,x) G [to - 4To) x Oe{xQ) :t = to-6e or\x- xq \ = e|. 

(a) \mis^o[\9s\ + \dxOs\ + \dl,^6e\ + \df9s\] = 0, locally uniformly in ((to-5o,to] xO^qPxo)). 
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Remark 5.2. In Assumption 15.11 instead of assuming G “ <^ 0 )^ 0 ] O5o(^o)) 

we can assume alternatively that 6*£ + (/? G C'aJ,a;((io “ ^o] x Os^ (a^o)) which, by Definition 

13.41 would imply that di^{6i; + (/?) = g{-, -,6^ + ip,dx{9e + </^))- But this is by nature an 
SPDE-type of requirement, and in general it is difficult, if not impossible, to be simply 
justified in an w-wise manner using the standard argument. We shall explore this point 
further in our subsequent paper 0. ■ 

In what follows we consider PPDE (j3.ip with coefficients /”, n > 1, and a common g. 

Theorem 5.3. Leta>0, {fn,g) satisfy Assumvtions \2.3\ and \5.l\ with the same a. Assume 
that is a viscosity subsolution of PPDE (13.11) with coefficients {fn,g), and for Po-a.e. 
a; G D, it holds that 

lim (/"■ —/)(t, X, cj, y, z, 7 ) = 0 and lim (n” — ii)(t, x, cj) = 0, (5.1) 

n^oo n^oo 

locally uniformly for {t,x,y, z,'y) G Q xMx x . Then u is a viscosity subsolution of 
PPDE (j3.ip with coefficients (/, y). 

Proof First, by the local uniform convergence, obviously u G C®(A). For each n, let 
C D be such that Po(D„) = 1 and tt” satisfies the viscosity subsolution property for all 
u} G fin- Let Do be the subset of such that (15.11) holds and the paths are Holder-^^ji^ 
continuous. Then Po(Do) = 1. 

Now £x cj G Do, {tQ,xo) G Q, and ip G ^u{tQ^XQ,uj) with corresponding 6q. Let > 0 
and 0s be given in Assumption 15.11 Then, 

sup [u — ip — 9s]{t,x,uj) < 0 < [tt — (/? — 0£](to,3:O)<^)- 

a([to-<5e,to)xOe(3;o)) 

Thus, there exists n := Us large enough, such that 

sup [u^ — p — 9s]{t,x,uj) < 0 < [u^ — p — 9s\{to,xo,uj). 

d{{to-5e,to)xOe(xo)) 

Now let {ts,Xs) G (to ~ ^ ^^(xo) be a maximum argument in the following sense: 

[u^ - p - 9s]its,Xs,Ul) = 0 = sup_ [u^ - p - 9s]{t,X,Uj). 

lto-Ss,to]xOelxo) 

Then ps := p + 0e f A°^'a^ife,X£,uj), and thus 

Teifei ~ fn{'i Pei dxPei ^xxTs){^£i ^£i — 0 - 


24 



That is 


Wt^ + ^Ge]{te,Xe) - + Oe,d:^Lp + da,9e,dl^ip + dlje){te,Xe,Uj) < 0 . 


Send e ^ 0 and note that n = —>■ oo, we have 

d^ip{to,xo) - fi-,ip,da,ip,dl^ip){t,x,u) < 0 . 

That is, It is a viscosity subsolution of PPDE (13.11) with coefficients {f,g)- M 

We now turn to the well-posedness of the PPDE (13.ip with boundary condition uq G 
C^(A). The main idea is to approximate the parameters / and (p by smooth functions, for 
which the SPDE has smooth solutions, and then using the stability to obtain the candidate 
of viscosity solutions. To this end, let f‘^ and be certain approximations of /, and Tp^ 
and (p^ be some smooth functions. Again, we shall make some general assumptions for the 
sake of discussion. These assumptions will be verihed in [6]. Recall ()4.18p and consider the 
following SPDEs on A^: 

du^ = f{s,x,uj,u^,dxU^,d‘^^u^)ds + g{s,x,uj,u^,dxlf)odBs, =Tp^-, 

(5.2) 

did = f^{s, X, dxid, d‘^^]d)ds + g{s, x, to, id, dxid) o dBg, idit, •) = 

Assumption 5.4. There exist f^, and 5 > 0 such that, denoting ti := id, i >0, 

(i) f < f < f and f f, f ^ f, locally uniformly for {t,x) G , Po-a.s. 

(ii) For each i, any e > 0, and any smooth functions G the SPDEs in 

(j5.2l) have classical solutions if,if G 'R*(A^‘), respectively. 

(in) Given 0 <Tp^ — (p^ ^ 0, locally uniformly for {t,x) G , Po-o-S-; we have 

limlu^ — yf] = 0, locally uniformly for {t,x) G , Pq-o.s. (5.3) 

£—>■0 

Remark 5.5. (i) The essence of Assumption 15.41 is that the SPDE (15.21) with smooth 
coefficients has a classical solution (in T-Lf^Ag)), uniformly in t, when <5 > 0 sufficiently 

small. This is by no means clear, with the currently existing literature on SPDEs, except 

for probably the semi-linear cases. 

(ii) There is an important difference between assuming the local existence (see (ii) in 
Assumption 15.4p and the global existence on [0,T]. That is, we do not assume that the 
local solutions can be “aggregated” into a global solution. ■ 

Under Assumption 15.41 we see that (resp. yf) is a classical supersolution (resp. classi¬ 
cal subsolution) of PPDE (13.11) on A^f. We now have the comparison principle immediately. 
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Theorem 5.6. Let Assumptions \2^ and \5.4\ hold, uq € C^(A), and one of the following 
two conditions hold: 

• g is independent ofy; 

• theu‘^ and vf in Assumption \5.4\ belong to and respectively. 

Then the comparison principle of viscosity solution holds. That is, for a viscosity subsolution 
u and a viscosity supersolution v of PPDE (j3.ip . if u < uq < v on dA, then u < v, Po-a.s. 
Consequently, the PPDE (13.11) has at most one viscosity solution with initial condition uq. 

Proof By partial comparison principle Propositions 14.31 and 14.41 we have u < vF and 
vF < V. Then, by sending e —)• 0, it follows immediately from (15.311 that u < v. ■ 

Moreover, we have the existence of viscosity solutions. 

Theorem 5.7. Let Assumvtions \2.3l\5.1[ and \5.4\ hold, and uq G C^(A). Then PPDE (13.11) 
with initial condition uq has a viscosity solution u. 

Proof Fix d > 0 as in Assumption 15.41 By induction on i, it suffices to prove the results 
on Let Uq be a standard mollifier of uq such that 

1^0 — Mol < and set := Mq + e, Mq := Uq — e. 

Then, for e small enough. 

Mo — e — < Uq < Mo — e + < Mo < Mo + e — < Mo + e + (5.4) 

For any £i,£2 G (0,1], we have Mg^ < mq < uff , f^^ < / < f^^ ■ By classical comparison 
Proposition 14.11 we have vF^ < TiF^. Then lim^^oM^ < lim^ ..nuF. and thus (|5.3p leads to 

M := lim M^ = limU^ exists, Po-a.s. (5.5) 

£^■0“ £^0 ^ ^ 

Now it follows immediately from stability Theorem 15.31 that m is a viscosity solution. ■ 

We should mention that in the proof above we have used the quite strong Assumptions 
15.11 and 15.41 for the existence of general PPDEs. In the cases where we have a representa¬ 
tion for the candidate solution, however, it is rather straightforward to verify its viscosity 
property without using these strong assumptions, as we will see in [B]. 

Remark 5.8. (i) One typical way to construct f^ and is through mollification. That is, 
let be certain smooth mollification of / such that |/^ — /| < e, then we may set: 

f:=f + e, (5.6) 
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(ii) If we set /*", as above, then the condition ()5.3I) is redundant when g is independent 
of y. Indeed, assume without loss of generality the monotone condition (14.161) . Set 

X, oj) := X, oj) + 2e(t + 1). 


Then on (9A, and 


du'^{t,x,ui) = d]f{t,x,oj) + 2edt 

= o dBt+ f{t,x,uj,u^,ul,ul^){t,x,u;) + 2£ 


dt 


= g{-, u%){t, X, ix) o dBt + f^{t, X, a;, — 2et — 2e, x, 

By (14.1611 it is clear that is also decreasing, then 

du^t,x,uj) > g{-,ul){t,x,uj) odBt + f^{t,x,uj,u^,ul,ul^){t,x,uj)dt. 
Now by classical comparison Proposition 14.11 we have If <u^. Thus 
0 < X, uj) < [u^ — X, uj) = 2e(l + t). 

This implies (j5.3jl immediately. 


6 Discussions 

In this paper we introduce a new notion of stochastic viscosity solution for a fairly large 
class of fully nonlinear (forward) SPDEs. The main ingredient of the new definition is the 
Pathwise Stochastic Taylor Expansions via the path-derivatives in the sense of Dupire, and 
the associated pathwise analysis. Using the language of path-derivatives we equate the 
SPDE with a system of PPDEs, charactering both the “drift” and “diffusion” terms at the 
same time, which distinguishes the “forward” PPDEs and its “backward” counterpart in 
a rather significant way. Furthermore, with Taylor expansion as the index of regularity 
we reformulate the “classical solutions” to SPDEs/PPDEs, and also define the set of test 
functions. It turns out that with such a new definition we may analyze the basic properties 
of the viscosity solution and establish the wellposedness for general fully nonlinear SPDEs 
without having to remove the stochastic integrals. 

It should be noted that throughout the paper we have made three major assumptions 
in addition to the standard assumptions, to help us carry out the arguments. They are 
Assumption 15.11 Assumption 15.41 and the assumption involved in the two important sets 
defined by (I4.22|) - (|4.23|) . It is generally a challenging problem to verify these conditions, 
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which will be the main purpose of our subsequent paper [6]. In particular we will try to 
verify these assumptions in the semi-linear case. 

As we indicated in Remark 15.21 Assumption 15.11 essentially requires a pathwise analysis. 
In particular, there has to be an exceptional null set, outside which one can fix uj (and 
{to,xo)) so that the desired property holds for all if. The exceptional null set is thus 
independent of the choice of test function ip. Such an requirement seems to be hard to fulfill 
using the usual stochastic analytic arguments. A natural tool seems to be the rough path 
theory, and this in part motivated the recent work |18j . where the functional ltd calculus 
used in this paper is extended to pathwise Ito calculus in a rough path framework. We 
believe that this will ultimately facilitate our discussion for the verification of Assumption 
[5T1 

Finally, as we mentioned in Remark 15.51 Assumption 15.41 and (I4.22p - (I4.23D essentially 
require the existence of local classical solutions for SPDEs with smooth coefficients. We 
refer to Krylov m and Mikulevicius and Rozovskii [28] for some results for semilinear 
SPDEs in this direction, and we shall explore more in |6]. 
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